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Measure Theory

In Chapter 3, the collection of continuous functions was expanded to the
collection of Borel measurable functions, the smallest algebra that contains
the continuous functions and is closed under pointwise limits. We then
extended the Riemann integral so that it applies to all Borel measurable
functions and, in doing so, we encountered Lebesgue measure, the collection
of Lebesgue measurable functions, and the Lebesgue integral.

We will discover, in this chapter, that the concepts and methods of
Chapter 3 lend themselves to considerable generalization with relatively
little effort and huge rewards. This generalized theory has extensive ap-
plications throughout mathematics and, as well, to a large variety of fields
outside of mathematics.

4.1 MEASURE SPACES

When we examine the definition of the Lebesgue integral carefully, we find
that it depends ultimately on the concept of measure. More precisely, the
mathematical framework requires a set, a σ-algebra of subsets, and a set
function that assigns to each set in the σ-algebra a nonnegative number (its
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measure). In Chapter 3, this consisted, respectively, of R, M, and λ. But
we can abstract the mathematical framework to provide a broader setting
for the integral. We begin by considering the general concept of measure.

In developing Lebesgue measure, we imposed three conditions; namely,
Conditions (M1)–(M3) on page 000. The first two conditions are specific to
the generalization of length; but the third is not. In fact, Condition (M3),
the countable-additivity condition, is the primary property of an abstract
measure.

DEFINITION 4.1 Measure, Measurable Space, Measure Space

Let Ω be a set and A a σ-algebra of subsets of Ω. A measure, µ,
on A is a set function having domain A and satisfying the following:
a) µ(A) ≥ 0 for all A ∈ A.
b) µ(∅) = 0.
c) If A1, A2, . . . are in A, with Ai ∩Aj = ∅ for i 6= j, then

µ

(⋃
n

An

)
=
∑
n

µ(An).

The pair (Ω,A) is called a measurable space and the triple (Ω,A, µ)
a measure space.

Note: We will often refer to members of A as A-measurable sets.
We should point out the following fact: If µ satisfies (a) and (c) of

Definition 4.1, then it is a measure (i.e., also satisfies (b)) if and only if
there is an A ∈ A such that µ(A) <∞. We leave the proof of this fact to
the reader.

EXAMPLE 4.1 Illustrates Definition 4.1

a) (R,M, λ) is a measure space, the one that we studied in Chapter 3.
b) (R,B, λ|B) is a measure space.
c) Suppose that (Ω,A, µ) is a measure space and that D ∈ A. Define
AD = {D ∩ A : A ∈ A} and µD = µ|AD . Then AD is a σ-algebra
of subsets of D, µD is a measure on AD, and, hence, (D,AD, µD) is a
measure space.

d) Referring to part (c), let Ω = R, A = M, µ = λ, and D = [0, 1].
Then ([0, 1],M[0,1], λ[0,1]) is a measure space. λ[0,1] is called Lebesgue
measure on [0, 1]. More generally, if D is any Lebesgue measurable
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set, then (D,MD, λD) is a measure space and λD is called Lebesgue
measure on D.

e) Refer to part (c). By Theorem 3.7 on page 000, if D ∈ B, then we have
BD = B(D).

f) Let Ω be a nonempty set and A = P(Ω). Define µ on A by

µ(E) =

{
N(E), if E is finite;
∞, if E is infinite,

where N(E) denotes the number of elements of E. Then µ is a measure
on A and is called counting measure.

g) Let Ω = N , A = P(N ), and µ be counting measure on A, as defined
in part (f). Then, for instance, µ(N ) = ∞ and µ({1, 3}) = 2. We will
see later that (N ,P(N ), µ) is the appropriate measure space for the
analysis of infinite series.

h) Suppose that (Ω,A, µ) is a measure space. If µ(Ω) = 1, then (Ω,A, µ)
is called a probability space and µ a probability measure. Fur-
thermore, µ is usually replaced by a P (for probability). Two simple
examples are as follows:
(i) ([0, 1],M[0,1], λ[0,1]) is a probability space since λ([0, 1]) = 1. It

is an appropriate measure space for analyzing the experiment of
selecting a number at random from the unit interval.

(ii) Consider the experiment of tossing a coin twice. The set of possible
outcomes for that experiment is Ω = {HH, HT, TH, TT} where, for
instance, HT denotes the outcome of a head on the first toss and
a tail on the second toss. Set A = P(Ω) and, for E ∈ A, define
P (E) = N(E)/4 where, as before, N(E) denotes the number of
elements of E. Then (Ω,A, P ) is a probability space—the appro-
priate measure space to use when the coin is balanced (i.e., equally
likely to come up heads or tails). To illustrate: The probability
of getting at least one head in two tosses of a balanced coin is
P ({HH, HT, TH}) = 3

4 .
i) Let Ω be a nonempty set, {xn}n a sequence of distinct elements of Ω,

and {an}n a sequence of nonnegative numbers. For E ⊂ Ω, define

µ(E) =
∑
xn∈E

an, (4.1)

where the notation,
∑

xn∈E , means the sum over all indices, n, such that
xn ∈ E. Then µ is a measure on P(Ω) and, consequently, (Ω,P(Ω), µ)
is a measure space. Here are two special cases:
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(i) If Ω is countable, {xn}n is an enumeration of Ω, and an = 1 for
all n, then the measure, µ, defined in (4.1) is counting measure.

(ii) If the sequence, {xn}n, consists of only one element, say x0, and if
a0 = 1, then the measure, µ, defined in (4.1) takes the form

µ(E) =

{
1, if x0 ∈ E;
0, if x0 6∈ E.

This measure is denoted by δx0
and is called the unit point mass

or Dirac measure concentrated at x0. Note that δx0 is a
probability measure.

The following theorem provides some important properties of mea-
sures. We leave the proof as an exercise for the reader.

THEOREM 4.1

Suppose that (Ω,A, µ) is a measure space and that A and B are A-
measurable sets. Then the following hold:

a) If µ(A) <∞ and A ⊂ B, then µ(B \A) = µ(B)− µ(A).

b) A ⊂ B ⇒ µ(A) ≤ µ(B). (monotonicity)

c) If {En}∞n=1 ⊂ A with E1 ⊃ E2 ⊃ · · · and µ(E1) <∞, then

µ

( ∞⋂
n=1

En

)
= lim

n→∞µ(En).

d) If {En}∞n=1 ⊂ A with E1 ⊂ E2 ⊂ · · · , then

µ

( ∞⋃
n=1

En

)
= lim

n→∞µ(En).

e) If {En}n ⊂ A, then

µ

(⋃
n

En

)
≤
∑
n

µ(En).

This property is called countable subadditivity.



4.1 Measure Spaces 4-5

Almost Everywhere and Complete Measure Spaces

Recall from Section 3.8 that a property holds Lebesgue almost everywhere
(λ-ae) if it holds except on a set of Lebesgue measure zero. That concept
can be generalized to apply to any measure space.

DEFINITION 4.2 Almost Everywhere

A property is said to hold µ almost everywhere, or µ-ae for short,
if it holds except on a set of µ-measure zero; that is, except on a set,
N , with µ(N) = 0.

Note: Several terms are used synonymously for “almost everywhere:” al-
most always, for almost all x ∈ Ω, and, in probability theory, almost
surely, with probability one, and almost certainly.

Proposition 3.4 on page 000 implies that subsets of Lebesgue measur-
able sets of Lebesgue measure zero are also Lebesgue measurable sets. On
the other hand, Exercise 3.99 on page 000 indicates that there exist subsets
of Borel sets of Lebesgue measure zero that are not Borel sets.

Those two facts have relevance to almost-everywhere properties of
measurable functions. For instance, by Proposition 3.13 on page 000, if
f is Lebesgue measurable and g = f λ-ae, then g is Lebesgue measurable.
However, as Exercise 3.100 on page 000 shows, that result is not true for
Borel measurable functions.

We now see that it is important to know whether subsets of sets of
measure zero are measurable sets. Hence, we make the following definition.

DEFINITION 4.3 Complete Measure Space

A measure space, (Ω,A, µ), is said to be complete if all subsets of
A-measurable sets of µ-measure zero are also A-measurable. That is,
if A ∈ A and µ(A) = 0, then B ∈ A for all B ⊂ A.

Thus, (R,M, λ) is a complete measure space while (R,B, λ|B) is not
a complete measure space.

The following theorem shows that any measure space can be extended
to a complete measure space. We leave the proof of the theorem as an
exercise for the reader.
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THEOREM 4.2

Let (Ω,A, µ) be a measure space. Denote by A, the collection of all sets of
the form B ∪ A where B ∈ A and A ⊂ C for some C ∈ A with µ(C) = 0.
For such sets, define µ(B ∪ A) = µ(B). Then A is a σ-algebra, µ is a
measure on A, and (Ω,A, µ) is a complete measure space. Furthermore,
A ⊂ A and µ|A = µ. (Ω,A, µ) is called the completion of (Ω,A, µ).

It can be shown that the measure space, (R,M, λ), is the completion
of the measure space, (R,B, λ|B). See Exercise 4.16.

EXERCISES 4.1

4.1 Suppose that (Ω,A, µ) is a measure space and that D is an A-measurable
set. DefineAD = {D∩A : A ∈ A} and µD = µ|AD . Show that (D,AD, µD)
is a measure space.

4.2 Let Ω be a nonempty set and A = P(Ω). Define µ on A by

µ(E) =
{
N(E), if E is finite;
∞, if E is infinite,

where N(E) denotes the number of elements of E. Prove that µ is a measure
on A.

4.3 Consider the experiment of selecting a number at random from the closed
interval [−1, 1].
a) Construct an appropriate probability space for this experiment.
b) Determine the probability that the number selected exceeds 0.5.
c) Determine the probability that the number selected is rational.

4.4 Let (Ω,A) be a measurable space, µ and ν measures on A, and α > 0.
Define set functions, µ+ ν and αµ, on A by

(µ+ ν)(A) = µ(A) + ν(A), (αµ)(A) = αµ(A).

a) Show that µ+ ν is a measure on A.
b) Show that αµ is a measure on A.

4.5 Let (Ω,A) be a measurable space, {µn}∞n=1 a sequence of measures on A,
and {αn}∞n=1 a sequence of nonnegative real numbers. Define

∑∞
n=1

αnµn
on A by ( ∞∑

n=1

αnµn

)
(A) =

∞∑
n=1

αnµn(A).

Prove that
∑∞

n=1
αnµn is a measure on A.

4.6 Let Ω be a nonempty set and µ a measure on P(Ω). Suppose there is a
countable set, K, such that µ(Kc) = 0. Prove that µ can be expressed as a
linear combination of Dirac measures.
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4.7 Suppose that a balanced coin is tossed three times.
a) Construct a probability space for this experiment in which each possible

outcome is equally likely.
b) Determine the probability of obtaining exactly two heads.
c) Express the probability measure, P , as a finite linear combination of

Dirac measures.

4.8 Let Ω be a nonempty set, {xn}n a sequence of distinct elements of Ω, and
{an}n a sequence of nonnegative real numbers. For E ⊂ Ω, define

µ(E) =
∑
xn∈E

an.

a) Show that µ is a measure on P(Ω).
b) Interpret the ans in terms of the measure, µ.
c) Express µ as a linear combination of Dirac measures.

4.9 Suppose that two balanced dice are thrown.
a) Construct a probability space for this experiment in which each possible

outcome is equally likely.
b) Use part (a) to determine the probability that the sum of the dice is

seven or 11.
c) Construct a probability space for this experiment in which the outcomes

consist of the possible sums of the two dice.
d) Use part (c) to determine the probability that the sum of the dice is

seven or 11.

4.10 Prove Theorem 4.1.

4.11 Let (Ω,A) be a measurable space. A measure, µ, on A is called a finite
measure if µ(Ω) < ∞. A measure space, (Ω,A, µ), is called a finite
measure space if µ is a finite measure. For a finite measure space, prove
the following:
a) If A and B are A-measurable sets, then

µ(A ∪B) = µ(A) + µ(B)− µ(A ∩B).

b) Generalize part (a) to an arbitrary finite number of A-measurable sets.

4.12 Let {En}∞n=1 be a sequence of A-measurable sets. Prove that

µ

( ∞⋃
n=1

( ∞⋂
k=n

Ek

))
≤ lim inf

n→∞
µ(En).

4.13 Let {En}∞n=1 be a sequence of A-measurable sets with µ
(⋃∞

n=1
En
)
< ∞.

Prove that

µ

( ∞⋂
n=1

( ∞⋃
k=n

Ek

))
≥ lim sup

n→∞
µ(En).
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4.14 Let (Ω,A, µ) be a measure space and {En}∞n=1 a sequence of A-measurable
sets. Define E = {x : x ∈ En for infinitely many n }.
a) Prove that E =

⋂∞
n=1

(⋃∞
k=n

Ek
)
.

b) Prove that
∑∞

n=1
µ(En) <∞⇒ µ(E) = 0.

4.15 Prove Theorem 4.2.

4.16 Prove that the measure space, (R,M, λ), is the completion of the measure
space, (R,B, λ|B). Use the following steps:

a) Verify that B ⊂M by employing Exercise 3.32 on page 000.
b) Show that B ⊃M by applying Exercise 3.44 on page 000.
c) Prove that λ = λ|B. Hint: Use the fact established in parts (a) and (b)

that M = B.

4.17 Let (Ω,A, µ) be a measure space. Suppose that (Ω,F , ν) is a complete
measure space with F ⊃ A and ν|A = µ. Prove that F ⊃ A and that

ν|A = µ. Conclude that (Ω,A, µ) is the smallest complete measure space

that contains (Ω,A, µ).

4.18 Let f be a nonnegative M-measurable function. Define µf on M by

µf (E) =

∫
E

f dλ.

Prove that µf is a measure on M.

4.19 Let (Ω,A, µ) be a measure space. An element y ∈ Ω is said to be an atom
of µ if µ({y}) > 0.
a) Prove that, if µ(Ω) <∞, then µ has only countably many atoms.
b) Prove that, if µ(Ω) < ∞, then there is a sequence of nonnegative num-

bers, {αn}n, a sequence of elements of Ω, {xn}n, and a measure, µ0,
on A having no atoms, such that µ = µ0 +

∑
n
αnδxn .

4.2 MEASURABLE FUNCTIONS

The next step in developing the abstract Lebesgue integral is to introduce
the concept of measurability for functions defined on an abstract space. In
addition to real-valued functions, we will also consider complex-valued and
extended real-valued functions. We begin with real-valued functions.

Real-Valued Measurable Functions

Let (Ω,A) be a measurable space and f : Ω → R. We want to specify when
f is measurable. In the previous chapter, we discussed two kinds of mea-
surable functions: Borel measurable functions and Lebesgue measurable


